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ffl $\dot{i}$) $\nearrow\vee$ .
$P$ $P$ $\mathrm{F}_{p}$ $\mathrm{F}_{p}$
$\mathrm{F}_{p}$
T $P$ anomalous anomalous elliptic curve $\tilde{E}$ $\mathrm{F}_{p}$
$O((\log P)^{3})$
$\alpha$ ,
$\beta\in\tilde{E}(\mathrm{F}_{p})-\mathrm{t}O\}$ ( $0$ $\tilde{E}$ ) $\beta=n\alpha$ $n\in \mathrm{F}_{p}[2]\text{ }$. $o((\log p)^{3})$
Fermat quotient
Fermat quotient $P$ $a$ $L_{p}(a):=^{\frac{a^{p-1}-1}{p}}$ mod $p\in \mathrm{F}_{p}$
( $p$ $a$ Fermat quotient ) $a$ , $b$ $P$
$L_{Pp}(ab)_{\mathrm{I}}L_{p}(a)+L(b)$ $\mathrm{F}_{p}$
13]
$L_{p}(a)$ $a\mathrm{m}\mathrm{o}\mathrm{d} p$ well defined
$\mathrm{F}_{p}^{\mathrm{x}}$ $b=a^{n}$ $L_{p}(b)=nL(pa)$ , i.e.
$n= \frac{L_{p}(b)}{L_{p}(a)}$
$L_{p}$ $\mathrm{F}_{p}$ well defined $n$ $\mathrm{m}\mathrm{o}\mathrm{d} (p-1)$
$L_{p}$ $\mathrm{m}\mathrm{o}\mathrm{d} p$ $L_{p}$ $\mathrm{F}_{p}^{\mathrm{x}}$
anomalous elliptic curve $\tilde{E}$ $\mathrm{F}_{p}$-valued Fermat quotient $\text{ }$
compatibiliy
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[2] $\tilde{E}$ anomalous $\tilde{E}(\mathrm{F}_{p})$ $p$ cyclic group $\tilde{E}(\mathrm{F}_{P})=\langle\alpha\rangle$
[31 $L_{p}(a)$ $a$ [4] “ ” $a$
$P$
1026 1998 139-150 139
\S 2 Fermat
quotient $(\mathrm{Z}/p^{\gamma}\mathrm{Z})\mathrm{x}$ ( $p\geq 3,$ $r\geq 2$ )
[4] \S 3
review \S 4 $\mathrm{Z}$ $E$ $p\geq 7$ Fermat quo-
tient $\lambda_{E}\in \mathrm{H}\mathrm{o}\mathrm{m}(\tilde{E}(\mathrm{F}_{pp}), \mathrm{F})$
$\pi\in \mathrm{M}\mathrm{a}\mathrm{p}(E(\mathrm{Q}pp),\tilde{E}(\mathrm{F}))$ re-
duction $\mathrm{m}\mathrm{o}\mathrm{d} p$ map $u\in \mathrm{M}\mathrm{a}\mathrm{p}(\tilde{E}(\mathrm{F}_{p}), E(\mathrm{Q}p))$ $\pi$
$\#\mathrm{e}_{\text{ }^{}\backslash }$ i.e. $\pi\circ u=\mathrm{i}\mathrm{d}_{\tilde{E}}(\mathrm{F}_{p^{)}}$ $\lambda_{E}$
$p1_{\text{ }^{}\pm}$ Formal $\log$ mod $p^{2}$
$\tilde{E}(\mathrm{F}_{p})arrow uE(\mathrm{Q}_{p})arrow \mathrm{K}\mathrm{e}\mathrm{r}\pi-p\mathrm{Z}_{p}-p\mathrm{Z}_{p}/p^{2}\mathrm{z}_{p}\cong \mathrm{F}_{p}$





Hewlett-Packard Dr. N. $\mathrm{S}\mathrm{m}\mathrm{a}\mathrm{r}\mathrm{t}\mathrm{l}\mathrm{l}9$ ]
1997 11 3, 4 Waterloo
$\mathrm{S}\mathrm{e}\mathrm{m}\mathrm{a}\mathrm{e}\mathrm{v}[16]$ $\mathrm{F}_{p}$
$\mathrm{P}$-torsion point 1995/96 Se-






$R$ $R^{\mathrm{x}}$ $a\in \mathrm{Q}$
$\mathrm{o}\mathrm{r}\mathrm{d}_{p}a:=\{$
$r$ ( $a=p^{r\frac{v}{u}}$ , $u,$ $v\in \mathrm{Z}-p\mathrm{Z}$ ),
$\infty$ $(a=0)$,
$\mathrm{Q}_{p}$ $\mathrm{Z}_{p}$ $P$ $P$
$– \mathrm{o}\mathrm{r}\mathrm{d}_{p}$











$P$ 1828 $\mathrm{A}\mathrm{b}\mathrm{e}\mathrm{l}[1|$ :
Le nombre $\alpha^{\mu-1}-1$ peut il \^etre divisible par $\mu^{2},$ $\mu$ \’etant un numbre premier,
et $\alpha$ un entire moindre que $\mu$ et plus grand que l’unit\’e?
Fermat $\alpha$ $P$ $\alpha^{p-1}-1$ $P^{1}$
$P$ $a$
$L_{p}(a):= \frac{a^{p-1}-1}{p}$ mod $p\in \mathrm{F}_{p}$ (2.1)
$L_{p}(a)$ Fermat quotient Dickson[3, P.1051 1850
G. Eisenstein $a,$ $b\in \mathrm{Z}-P\mathrm{z},$ $c\in \mathrm{Z}$
$a^{-1}$
$\mathrm{F}_{p}$ $a$ $\mathrm{L}\mathrm{e}\mathrm{r}\mathrm{c}\mathrm{h}[8$, (27)1 (2.2)
$-$ : $m\geq 2_{\text{ }}$ $m$ $a$
$L_{m}(a):= \frac{a^{\varphi(m)}-1}{m}\mathrm{m}\mathrm{o}\mathrm{d} m\in \mathrm{Z}/m\mathrm{Z}$
$c_{\text{ }}$ $m$ $a,$ $b$ Fermat quotient
Dicksoni3, Chap. 41 Abel Jacobi[61 $a^{p-1}\equiv \mathrm{l}\mathrm{m}\mathrm{o}\mathrm{d}$ $P^{2}$
$p\leq 37$ $(a_{J}p)=(\mathrm{s}, 11),$ $(9,11),$ $(14,29),$ $(18,37)$
$a$ $-$ $a^{p-1}\equiv 1$ mod $p^{2}$ $P$
[4] Ribenboim[14, Chap. 5III]
Dilcher Pomerance $2^{p-1}\equiv \mathrm{l}\mathrm{m}\mathrm{o}\mathrm{d}$ $p^{2}$ $P$ $p<4\cross 10^{1}2$ $p=1093$
$p=3511$
(2.1) $G$ $\mathrm{F}_{p}$
$n$ $g\in G$ – $\mathrm{Z}$ $g^{n}\mathrm{m}\mathrm{o}\mathrm{d} P^{2}$ $P$
$G$ $g$
Ferm.at Quotient
Fermat quotient $p\geq 3$ $r\geq 2$ $(\mathrm{Z}/_{P^{r}}\mathrm{Z})\cross$
$\omega\in \mathrm{Z}$ $\mathrm{m}\mathrm{o}\mathrm{d} p^{2}$ $\omega$
$r\geq 1$ $\mathrm{m}\mathrm{o}\mathrm{d} p^{r}$ $\alpha\in(\mathrm{Z}/_{P^{r}}\mathrm{Z})^{\cross}$
$\alpha\equiv\omega^{n}$ mod $p^{r}$ (2.4)











$\equiv(1+_{PP}L_{p}(\omega))p^{r- 1}\mathrm{m}\mathrm{o}\mathrm{d} r+1$ . $p\geq 3$ $\omega^{\mathrm{t}p^{-}1}\equiv 1$) $p^{\prime\cdot- 1}+p^{\Gamma}L_{p}(\omega)\mathrm{m}\mathrm{o}\mathrm{d} P^{r+1}$ (cf. Ireland
and $\mathrm{R}\mathrm{o}\mathrm{s}\mathrm{e}\mathrm{n}$ [ $5$ , Chap. 4, Sect. 1, Lemma 3 and Corollary 1] $)$ $L_{p’P}(\omega)\equiv L(\omega)\mathrm{m}\mathrm{o}\mathrm{d} p$ ,
i.e., $L_{p^{r}}(\omega)\in(\mathrm{Z}/p^{\Gamma}\mathrm{Z})^{\cross}$
$n \equiv\frac{L_{p^{l}}(\alpha)}{L_{p^{r}}(\dot{\omega})}$ mod $p^{r-1}$ (2.5)
(2.4) $\mathrm{m}\mathrm{o}\mathrm{d} p$ $\alpha\equiv\omega^{n}\mathrm{m}_{\lambda}\mathrm{o}\mathrm{d}p$ $\mathrm{F}_{p}^{\cross}$
$n\equiv k$ mod $p-1$ . (2.6)







$0$ , 1 N $0$ $2^{N}$ ( $\mathrm{F}_{2^{N}}/\mathrm{F}_{2}$
) $\mathrm{F}_{2^{N}}$ – $0$








$c\in(\mathrm{Z}/(q-1)\mathrm{z})^{\mathrm{X}}$ $\beta:=\text{ }$ $q$ ,
$\alpha,$
$\beta$ $c$ ( )
X $k\in(\mathrm{Z}/(q-1)\mathrm{z})^{\cross}$ $(\alpha^{k}, x\beta^{k})$
[6] $L_{p^{r}}(a)$ mod $P^{r-1}$ $a^{p^{\Gamma}-p^{r-}}1\mathrm{m}\mathrm{o}\mathrm{d} p^{2}r-1$







( $0$ ) $0$ ,
1 $N$ $\mathrm{F}_{p}^{\mathrm{x}}$ ( $P$ $2^{N}$ ) $\mathrm{F}_{2^{N}}^{\mathrm{x}}$
- Menezes-
Vanstone $\mathrm{F}_{qq}^{\mathrm{x}_{\cross \mathrm{F}}\mathrm{x}}$, $E(\mathrm{F}_{q})_{\mathrm{X}}\mathrm{F}^{\mathrm{x}}\cross \mathrm{F}^{\mathrm{x}}qq$
.
.
$q$ , $E/\mathrm{F}_{q},$ $E(\mathrm{F}_{q})$ ( ) $\alpha$
$\alpha$ $h$ $c\in(\mathrm{Z}/h\mathrm{Z})^{\cross}$ $\beta:=c\alpha$ $q,$ $E,$ $\alpha,$ $h,$ $\beta$
$c$
$(X_{1}, x_{2q})\in \mathrm{F}^{\mathrm{x}\cross}\mathrm{X}\mathrm{F}_{q}$ $k\in(\mathrm{Z}/h\mathrm{Z})^{\cross}$ $k\beta$ affine
$(m_{1}, m_{2})$ $(k\alpha, m_{1}x_{1}, m_{22}x)$
$(y_{0},\mathcal{Y}_{1},\mathcal{Y}_{2})$ $cy_{0}$ affine $(l_{1}, l_{2})$ $(y_{1}l_{1}-1,\iota \mathcal{Y}22-1)$
$\text{ _{ }}[9]$ ?
index calculus method
( ) Mordell-Weil (genus $0$
$\iota 10\mathrm{J}^{\cdot}$
genus $\geq 1$ )
$>$ (3.1)
$\mathrm{M}\mathrm{e}\mathrm{n}\mathrm{e}\mathrm{z}\mathrm{e}\mathrm{S}-\mathrm{O}\mathrm{k}\mathrm{a}\mathrm{m}\mathrm{o}\mathrm{t}\mathrm{o}- \mathrm{v}\mathrm{a}\mathrm{n}\mathrm{S}\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{e}[111$ $E$ supersingular
Weil-pairing $E/\mathrm{F}_{q}$ $\mathrm{F}_{q^{m}}^{\mathrm{x}}$ ( $m$ $E$ 6 )
up to sub-exponential time (3.1) $>$ $\geq$









4. Anomalous Elliptic Curve
$P$
$\tilde{E}$ : $y^{2}+a_{1}xy+a_{3}\sim:.\sim \mathcal{Y}=x^{3}+\tilde{a}_{2}x^{2}+\tilde{a}_{4}x+\tilde{a}_{6}$
$\mathrm{F}_{p}$
$\mathrm{M}\mathrm{a}\mathrm{z}\mathrm{u}\mathrm{r}[91$ 1 $\#_{\tilde{E}(\mathrm{F}_{p})=_{P}}$ $\tilde{E}$ anomalous
[11]
$E$
$\mathrm{Z}$ ( ) $a_{i}\mathrm{m}\mathrm{o}\mathrm{d} p=a_{i}\sim$ $a_{i}\in \mathrm{Z}$ $E$
$E$ : $y^{2}+a_{1}xy+a_{3}y=x^{3}.+a_{2}x^{2}+a_{4}x+a_{6}$






$E(R):=\{(x:y:1)\in \mathrm{P}^{2}(R) : y^{2}+a_{1}xy+a_{3}y=x^{3}+a_{2}x^{2}+a_{4}x+a_{6}\}\cup\{(0:1:0)\}$
$R$ $E(R)$
$(0:1:\mathrm{o})$ $0$ $(X:\mathrm{Y}:1)\in \mathrm{P}^{2}(R)$ (X, $\mathrm{Y}$ ) $\in \mathrm{A}(R)2$
113]
– $g$ $E$ $\mathscr{L}$
$\log_{i}$




$\tilde{E}$ anomalous elliptic curve
4.1. $pE(\mathrm{Q}_{p})\subset \mathrm{K}\mathrm{e}\mathrm{r}\pi$.
. $A\in E(\mathrm{Q}_{p})$ $\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}\mathrm{l}\mathrm{l}8$, Chap 7, proof of Prop. 2.11 $\pi$
$\tilde{E}$ anomalous $\pi(pA)=p\pi(A)=\mathit{0}$ . $\blacksquare$
[111 Mazur $E/\mathrm{Q}$ $P$ $E$ $P$ good reduction
Frobenious at $P$ trace lmod $p$ $P$ $E$ anomalous
prime
[121 $\mathrm{Z}_{p}$ $\mathrm{F}_{p}$ reduction $\mathrm{m}\mathrm{o}\mathrm{d} p$ map $\pi’$
$\pi((x:_{\mathcal{Y}}:Z))=(\pi’(p^{-m_{X}}):\pi’(p^{-}my):\pi’(p-mZ))$ $m:= \min(\mathrm{o}\mathrm{r}\mathrm{d}_{p^{X,\mathrm{o}\mathrm{r}}p}dy,$ $\mathrm{o}\mathrm{r}\mathrm{d}p^{\mathcal{Z})}$
[13] Silverman[18, Chap. 4]
[14] $0$ local parameter $\mathrm{S}\mathrm{i}\mathrm{l}\mathrm{v}\mathrm{e}\mathrm{r}\mathrm{m}\mathrm{a}\mathrm{n}[18]$
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42. $u$ $\tilde{E}(\mathrm{F}_{p})$ $E(\mathrm{Q}_{p})$ $\pi^{\circ}u=\mathrm{i}d_{\tilde{E}}\langle \mathrm{p}_{p^{)}}$
$\lambda_{E}$
$\lambda_{E}$ : $\tilde{E}(\mathrm{F}_{p})-^{u}E(\mathrm{Q}_{p})arrow \mathrm{K}\mathrm{e}\mathrm{r}\pi-^{\mathscr{L}}p\mathrm{Z}_{p}arrow p\mathrm{Z}_{p}/p2\mathrm{Z}p\cong \mathrm{F}_{p}$ . (4.3)
$h_{p}$ mod $p^{2}$
$h_{p}$ $P$ $\lambda_{E}$ $u$
$\lambda_{E}$
. $\alpha,$ $\beta\in\tilde{E}(\mathrm{p}_{p})$ $\Delta:=u(\alpha)+u(\beta)-u(\alpha+\beta)$ $\pi$ $u$
$\pi(\Delta)=0$ , i.e. $\Delta\in \mathrm{K}\mathrm{e}\mathrm{r}\pi$ (4.1) $\mathscr{L}(\Delta)=pt_{0}$ $t_{0}\in \mathrm{z}_{p}$
$\mathscr{L}(h_{p}(\Delta))=_{P}t_{0}2\in p^{2}\mathrm{Z}_{p}$ . $F:=(\mathrm{m}\mathrm{o}\mathrm{d} p^{2})\circ \mathscr{L}\circ h_{p}$ $F(\Delta)=^{\mathrm{o}}$ $F$
$F(u(\alpha))+F(u(\beta))=F(u(\alpha+\beta))$ $\lambda_{E}$ $v$
$v:\tilde{E}(\mathrm{F}_{p})arrow E(\mathrm{Q}p)$ $\alpha\in\tilde{E}(\mathrm{F}_{p})$ $\pi(u(\alpha)-v(\alpha))=\pi(u(\alpha))-\pi(U(\alpha))=0$
$\circ$
$u(\alpha)-U(\alpha)\in \mathrm{K}\mathrm{e}\mathrm{r}\pi$ $F(u(\alpha))=F(U(\alpha))$ $\lambda_{E}$





43. $\lambda_{E}$ $u$ $E$ 47
44. $\tilde{E}$ $\mathrm{F}_{p}$ anomalous elliptic curve $E$ $\mathrm{Z}$
(i) $\lambda_{E}$
(ii) $\alpha\in\tilde{E}(\mathrm{F}_{p})-\mathrm{t}o\}$ $\lambda_{E}(\alpha)=0$
(iii) $E(\mathrm{Z}_{p})-\{\mathcal{O}\}$ $\dot{E}$ $\mathrm{P}$-torsion point
. $(\mathrm{i})arrow(\mathrm{i}\mathrm{i})$ $(\mathrm{i}\mathrm{i})arrow(\mathrm{i}):\alpha\in\tilde{E}(\mathrm{F}_{p})-.\{O\}$ $\lambda_{E}(\alpha)=^{\mathrm{o}}$ $\tilde{E}(\mathrm{F}_{p})$ $P$
$\alpha$
$\beta\in\tilde{E}(\mathrm{F}_{p})$ $\beta=n\alpha$ $n\in \mathrm{N}$
$\lambda_{E}(\beta)=n\lambda(E\alpha)=0$ .
$(\mathrm{i}\mathrm{i})arrow(\mathrm{i}\mathrm{i}\mathrm{i})$ : $\alpha\in\tilde{E}(\mathrm{F})-p\mathrm{t}0\}$ $\lambda_{E}(\alpha)=0$ $\mathscr{L}(pu(\alpha))=P^{2}t_{1}$
$t_{1}\in \mathrm{Z}_{p}$
$B:=\mathscr{L}^{-}(pt_{1})\in \mathrm{K}\mathrm{e}\mathrm{r}\pi 1$ $\mathscr{L}$ $pB=pu(\alpha)$





Y $A\in E(\mathrm{Z}_{p})-\{o\mathrm{I}$ $\alpha\neq 0$ $\blacksquare$





$\tilde{a}_{123}=\tilde{a}=\tilde{a}=0$ (in $\mathrm{F}_{p}$ )
$a_{1}=a_{2}=a=03$ (in Z)
45. $p\sim\geq 5$ $\alpha\in\tilde{E}(\mathrm{F}_{p})-\{0\}$ $A:=(X_{1}, y_{1})\in E(\mathrm{Z}_{p})$ $\pi(A)=\alpha$
$nA\neq \mathit{0}$ $n\in \mathrm{N}$ $nA$ affine $(x_{n}, y_{n})$ $\lambda_{E}$
(i) $1\leq n<p$ $nA\in E(\mathrm{z}_{p})-[\mathcal{O}\mathrm{I}$
(ii) $1\leq n<m<p$ $n+m\neq p$ $x_{n}\not\equiv x_{m}\mathrm{m}\mathrm{o}\mathrm{d} p$
(iii) $y_{p-1}-\mathcal{Y}_{1}\in \mathrm{Z}_{p}^{\cross},$ $\frac{x_{p-1^{-}1}x}{p}\in \mathrm{Z}_{p}^{\mathrm{x}},$ $\mathrm{B}^{\mathrm{a}} \cdot\supset\lambda_{E}(\alpha)=\frac{x_{p-1}-x1}{p(y_{p-1}-y_{1})}$ mod $p$




$y_{1}\not\equiv 0$ mod $p$ (4.4)
$\text{ ^{}\mathrm{l}17}\mathrm{J}E$
$.x_{2}=c_{2}^{2}-2_{X_{1}}$, $y_{2}=-c_{2}\dot{x}_{2}-d_{2}$,
$c_{2}= \frac{3x_{1^{+}}^{2}a_{4}}{2y_{1}}$ , $d_{2}= \frac{-x_{1^{+a_{4}}}^{3}X+162a}{2y_{1}}$
$y_{1}\in \mathrm{Z}_{p}^{\mathrm{x}}$
$x_{2},$ $y_{2}\in \mathrm{Z}_{p}$ (i) $n=2$ $3\leq n<p$ $n$
$A,$ $(n-1)A\in E(\mathrm{Z}_{p}.)-\{O\mathrm{I}$
$\pi(A)=(x_{1}\mathrm{m}\mathrm{o}\mathrm{d} p, y_{1}\mathrm{m}\mathrm{o}\mathrm{d} p)$
$\pi((n-1)A)=(x_{n-1}\mathrm{m}\mathrm{o}\mathrm{d} p, y_{n-1}\mathrm{m}\mathrm{o}\mathrm{d} p)$
$x_{1^{\equiv}n-}X1\mathrm{m}\mathrm{o}\mathrm{d}_{P}$ $\pi(A)=\pm\pi((n-1)A)$ , i.e., $n\alpha=\mathit{0}$ $(n-2)\alpha=0$ $\tilde{E}$
anomalous $\alpha=0$ $x_{1}\not\equiv x_{n-}1\mathrm{m}\mathrm{o}\mathrm{d} p$ $x_{11}\neq x_{n-}$
$x_{n}=\prime c_{n}^{2}.-X_{1}-x_{n-}1.$ ’ $y_{n}’$. $=-C_{n}^{3}.+c_{n}(_{X_{1-}+}.\cdot X-1)-ndn$ ’
(4.5)
$c_{n}= \frac{y_{n-1^{-y_{1}}}}{x_{n-1}-X_{1}},$ . $d_{n}= \frac{y_{1}x_{n-1}-\mathcal{Y}_{n-1}x_{1}}{X_{n-1^{-}}X_{1}}$. (4.6)
$X_{n-1}\not\equiv_{X_{1}\mathrm{m}\mathrm{o}\mathrm{d} p}$ $x_{n-1^{-}}x_{1}\in \mathrm{Z}_{p}^{\mathrm{x}}$ $c_{n},$ $d_{n}\in \mathrm{Z}_{p}$ . $x_{n},$ $y_{n}\in \mathrm{Z}_{p}$ .
(ii) $x_{nm}\equiv x\mathrm{m}\mathrm{o}\mathrm{d} p$ $\pi(nA)=\pm\pi(mA)$ , i.e., $(m\pm n)\alpha=\mathit{0}$
(i)
[161 $nA=\mathit{0}$ $n\alpha=\pi(nA)=\mathit{0}$ . $\tilde{E}$ anomalous $\alpha=0$
[171 $y_{1}\equiv 0_{\mathrm{m}}\mathrm{o}\mathrm{d}p$ $2\alpha=2\pi(A)=2(x_{1}\mathrm{m}\mathrm{o}\mathrm{d} p, 0)=0$ $\tilde{E}$ anomalous
$\alpha=0$ .
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(iii): $\lambda_{E}\neq 0$ $pA\neq \mathit{0}$ $($ cf. $4.4)_{\text{ }}-(4.5)$ (4.6) $n=p$
$pA$ affine $(x_{p}, y_{p})$ $\pi((x_{pp}:y:1))=\mathit{0}=(0:1:\mathrm{o})$ $\mathrm{o}\mathrm{r}d_{p}y_{p}<0$
$\mathrm{o}\mathrm{r}d_{pp}X>\mathrm{o}\mathrm{r}d_{p}y_{p}$ (ii). $A,$ $.(p. -1)A\in E.(\mathrm{z}$.$)_{\circ}:.ps:=\mathrm{o}\mathrm{r}d_{p}c_{p}$
$\mathrm{o}s\geq 0$ , i.e. $c_{p}\in \mathrm{Z}_{p}$
(4.6)
$d_{p}=y_{1^{-}}x_{1p}c$ (4.7)








$\mathrm{o}\mathrm{r}d_{p^{\psi}}(PA)=\mathrm{o}\mathrm{r}\mathrm{d}_{p}(X_{p}/y_{p})=-s>0$ . (4.2) $\mathrm{o}\mathrm{r}d_{p}\mathscr{L}(pA)=-S$ .
$\lambda_{E}(A)\neq 0$ . $\mathrm{o}\mathrm{r}d_{p}\mathscr{L}(PA)=1$ . $s=-1$ , $\frac{x_{p}}{py_{p}}\in \mathrm{Z}_{p}^{\mathrm{x}}$ , $\lambda_{E}(A)=\frac{x_{p}}{py_{p}}\mathrm{m}\mathrm{o}\mathrm{d} p$
$\tilde{E}$ anomalous $\pi((p-1)A)=.-\pi(A)$ $y-1\equiv-\dot{y}p.1\mathrm{m}.\mathrm{o}\mathrm{d}_{P}.\cdot$
$\mathcal{Y}_{p1}-1^{-y_{1}\equiv-}2y\not\equiv \mathrm{o}_{\mathrm{m}}\mathrm{o}\mathrm{d}p$ . $\mathcal{Y}_{p-1^{-}}\mathcal{Y}1\in \mathrm{Z}_{p}^{\mathrm{X}}$ $\mathrm{o}\mathrm{r}d_{p^{C_{p}-}}=1$ $\mathrm{s}$
$\frac{X_{p-1^{-}}x_{1}}{p}\in \mathrm{Z}_{p}^{\mathrm{x}}$ . (4.10)
$\hat{x}:=p^{2}x_{p},\hat{y}:=_{P^{3}y_{p}}$ (4.8), (4.9) $s=-1$ $\hat{x},\hat{y}\in \mathrm{Z}_{p}^{\mathrm{x}}$
$\lambda_{E}(A)=\frac{\hat{x}}{\hat{y}}\mathrm{m}\mathrm{o}\mathrm{d} p=\frac{\hat{x}\mathrm{m}\mathrm{o}dp}{\hat{y}\mathrm{m}\mathrm{o}\mathrm{d} p}$ . $s=-1$ $pc_{p}\in \mathrm{Z}_{p}\mathrm{x}$
$\hat{x}$ mod $p=(p^{2_{C_{p}^{2}}}-p(2X_{1}+x_{p-1}))$ mod $p$
$=(pc_{p})^{2}$ mod $p$
$\hat{y}$ mod $p=-p^{3}c_{p}^{3}+(pc_{p})p(2x_{1}+x_{p-1})-pd_{p}3$ mod $p$
$=-(pc_{p})^{3}$ mod $p$ .









$\lambda_{E}$ (4.3) $\alpha:=(s, t)\in\tilde{E}(\mathrm{F}_{p})-1\mathit{0}\}$
$\lambda_{E}(\alpha)$
$O((\log p)^{3})$
(i) $X_{1}\mathrm{m}\mathrm{o}\mathrm{d} p=s$ and $\mathrm{Y}_{1}\mathrm{m}\mathrm{o}\mathrm{d}_{P}=t$ $A:=(\mathrm{x}_{1}, \mathrm{Y}_{1})\in E(\mathrm{Z}/p^{2}\mathrm{z})$
(ii) $(X_{p-1}, \mathrm{Y}_{p-})1:=(p-1)A\in E(\mathrm{Z}/p2\mathrm{z})$
(iii) $X_{p-1}\neq X_{1}$ (in $\mathrm{z}/_{P^{2}}\mathrm{z}$)
$\lambda_{E}(\alpha)=(\frac{x_{p-1}-x_{1}}{p}$ mod $p)((\mathrm{Y}_{p-11}-\mathrm{Y})$ mod $p)^{-1}$ ,
$\lambda_{E}(\alpha)=0$
. $\lambda_{E}(\alpha)$ 45 $y_{p-1}-y_{1}\mathrm{m}\mathrm{o}\mathrm{d}_{P}$ $\frac{1}{p}(x_{p-1}-x_{1})\mathrm{m}\mathrm{o}\mathrm{d} p$





i.e. $2tw= \frac{\mathrm{x}_{1}^{3}+a_{41}X+a-6\mathcal{Y}2}{p}$ mod $p$ .
( welJ defined )(4.4) $w\in \mathrm{F}_{p}$ $-$
$\mathrm{Y}_{1}:=_{\mathcal{Y}^{+w}}p$
[18]
$4.5(\mathrm{i}\mathrm{i})$ $(p^{-}1)A\mathrm{m}\mathrm{o}\mathrm{d} p^{2}$ $\mathrm{Z}/p^{2}\mathrm{Z}$
(4.10) $\lambda_{E}\neq 0$ $X_{p-1}\neq X_{1}$ (iii)
$4.5(\mathrm{i}\mathrm{i}\mathrm{i})$ $\lambda_{E}$ $\lambda_{E}(\alpha)=0$




47. $E$ $\tilde{E}$ 46 $A:=(x_{1},y_{1})\in E(\mathrm{Z}_{p})_{-}\{0\}$





$(p-1)A$ $E$ $E’$ ( affine )
$(x_{p-1},y_{p-1}),$ $(X_{pp}^{\prime y\prime}-1’-1)$
[18] $\mathrm{s}_{\mathrm{e}\mathrm{r}\mathrm{r}\mathrm{e}}$[ $17$ , Chap 2, \S 2.2]
[191 $A\in E(\mathrm{Z}_{p})\cap E’(\mathrm{Z}_{p})$
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(i) $x\not\equiv_{X^{\prime \mathrm{m}}}\mathrm{o}\mathrm{d}pp-1p-12$ $y_{p-1}\not\equiv_{\mathcal{Y}_{p-1}’}\mathrm{m}\mathrm{o}\mathrm{d} p^{2}$
(ii) $\lambda_{E}$ $\lambda_{E’}$
. (i): $x_{p-1}\equiv x\prime p-\mathrm{l}\mathrm{m}\mathrm{o}\mathrm{d}_{P}2$ $\mathcal{Y}_{p-}\iota^{\equiv}\mathcal{Y}_{p}’$ l $p^{2}$mod $1\leq n\leq p-1$ $E$





$c_{n} \wedge=\frac{y_{n}+y_{1}}{x_{n}-x_{1}}$ , $\hat{d}_{n}=-\frac{y_{1}x_{n}+ynX_{1}}{x_{n}-x_{1}}$
( $x_{n}’-1’ \mathcal{Y}_{n}^{\prime)}-1$
Weierstrass $4.5(\mathrm{i}\mathrm{i})$ $x_{n}\equiv x’\mathrm{m}\mathrm{o}\mathrm{d}\hslash p^{2}$
$\ovalbox{\tt\small REJECT}\equiv y_{n}’\mathrm{m}\mathrm{o}\mathrm{d} p^{2}$ $x_{n-11}\equiv x_{n-}\prime \mathrm{m}\mathrm{o}\mathrm{d} p2$ $y_{n-1}\equiv_{\mathcal{Y}_{n-1}}\prime \mathrm{m}\mathrm{o}\mathrm{d}_{P^{2}}$ $n$
$x_{2^{\equiv}}x_{2}^{\prime \mathrm{m}}\mathrm{o}\mathrm{d}p2$ $E$ $E’$ $2A$ (4.12)
$X_{2}’-X_{2}=( \frac{3x_{1}^{2}+a’4}{2y_{1}})^{2}-2X-1((\frac{3_{X_{1}^{2}+}a_{4}}{2y_{1}}1^{2}-2x_{1}1$
$=p \frac{6x_{1}^{2}+2a+4p}{4y_{1}^{2}}$
$\not\equiv 0$ mod $p^{2}$
(ii): $\lambda_{E}$ $\lambda_{E’}$ (4.11) $\mathrm{o}\mathrm{r}\mathrm{d}_{p}(X_{p-11}-x)\geq 2$
$\mathrm{o}\mathrm{r}d_{P-}(x_{p1}^{\prime x}-1)\geq 2$ $x\equiv X^{\prime \mathrm{m}}p-1p-1\mathrm{o}d_{P^{2}}$ .
$y_{p-1}’-_{\mathcal{Y}_{p-}}1=x_{p-}^{r}13-x_{p}3-1+a_{4pp}^{\prime x\prime}-1-ax4-1+a_{6}’-a6$
$\equiv x_{1}(a_{4}’-a)4+(a_{6}’-a)6$ mod $p^{2}$
$\equiv 0$ mod $p^{2}$
(i) $\blacksquare$
48. $p\geq 7$ $\tilde{E}$ $\mathrm{F}_{p}$ anomalous $\mathrm{e}\mathrm{p}\mathrm{l}\mathrm{l}\mathrm{i}\mathrm{p}\mathrm{t}\mathrm{i}_{\mathrm{C}}$ curve
$o((\log p)^{3})$
. $\alpha,$ $\beta\in\tilde{E}(\mathrm{F})-p\mathrm{t}o\}$ $\tilde{E}$ anomalous $\beta=n\alpha$ $n\in \mathrm{F}_{p}$ $\circ E$
46 42 $\lambda_{E}$ $\lambda_{E}(\beta)=n\lambda_{E}(\alpha)$ $\lambda_{E}(\alpha)\neq 0$
$n= \frac{\lambda_{E}(\beta)}{\lambda_{E}(\alpha)}$ 44 $\lambda_{E}$ l $4.5(\mathrm{i}\mathrm{i})$ $p\geq 7$
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